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SUMMARY 
The two-dimensional, natural convection flow in the 
neighborhood of a heated flat plate inclined at various 
angles from the vertical position was studied both analyti-
cally and experimentally. Air and oil were used for both 
studies to provide widely different Prandtl numbers. 
The analytical work involved representing the partial 
differential equations of change by finite difference equa-
tions . For the numerical work with oil these equations 
retained the effects of variable properties, but the air 
studies were done with the constant property version of the 
equations of change. The property variation of the oil was 
accounted for by using appropriate functions of temperature. 
The validity of this approach was tested by comparison with 
results reported by Ostrach for the vertical plate and con-
stant fluid properties. Velocity and temperature profiles 
calculated by the finite difference method compared 
favorably with those given by Ostrach. 
This method was used to solve the equations of change, 
including momentum equations parallel and normal to the sur-
face, the energy equation, and the continuity equation. For 
the oil studies, variation of property values were included 
by using appropriate functions of temperature for each of 
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the fluid properties. The results included the average 
Nusselt number and the velocity, temperature, and pressure 
profiles for 25 cases in oil and 25 cases in air. The angle 
of inclination was changed from zero to 45 degrees. 
The velocity and temperature profiles showed little 
change due to the change in the angle of inclination. The 
heat transfer from the plate surface and the shear stress at 
the wall both decreased as the plate was inclined. The 
pressure profiles for the inclined plates indicated that the 
pressure was not constant along horizontal lines. The pres-
sure near the wall was greater than the local hydrostatic 
pressure and the pressure difference increased as the angle 
of inclination increased. 
The numerical results were compared with available 
experimental results for a wide range of Prandtl and Grashof 
numbers and for the same angles of inclination previously 
mentioned. 
The equation 
Nu00= 0.65 
P r ^ 2 5 G l u c o s e ) 0 ; 7 
1.1 + Proo 
is based on a correlation of the numerical and experimental 
results. All property values in this equation should be 
evaluated at the ambient temperature. Correlations of the 
numerical results were also obtained with properties evalu-
ated at the ambient temperature and at the film temperature 
LIST OF SYMBOLS 
coefficients used in the various difference 
equations 
specific heat 
function defined by Ostrach/ see equation 51, 
page 50 
local acceleration of gravity 
Grashof number 
local heat transfer coefficient 
average heat transfer coefficient 
function defined by Ostrach, see equation 51, 
page 50 
thermal conductivity 
length of plate 
Nusselt number 
pressure 
hydrostatic pressure, Ps = p^ <f*-(y sin0-:Xcos0) 
P - Ps 
Prandtl number 
temperature 
velocity component parallel to the plate 
velocity component normal to the plate 
coordinate direction parallel to the plate 
coordinate direction normal to the plate 
thermal diffusivity 
function defined by Ostrach, see equation 51, 
page 50 
1 
xi 
0 angle of inclination, measured from vertical 
ji dynamic viscosity 
u kinematic viscosity 
p density 
Subscripts 
f refers to film temperature 
I i, j refers to grid point 
|l w refers to wall temperature 
oo refers to ambient temperature 
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CHAPTER I 
INTRODUCTION 
Interest in this topic was generated by a study of 
the experimental work done by Garrison (1) on free convec-
tion heat transfer from isothermal cones and the theoretical 
study by Merk and Prins (2). During the present study a 
similarity solution for the cone was developed which pro-
vided a means for studying the velocity profiles parallel 
and normal to the surface and the temperature profile. 
Analysis of the velocity profiles indicated that the usual 
boundary layer assumption that the velocity normal to the 
surface was smaller than the velocity parallel to the sur-
face was no longer valid. This meant that the momentum 
equation normal to the surface should have been included in 
the analysis. An investigation of the other terms in this 
momentum equation disclosed ariother feature of the boundary 
layer flow about inclined surfaces which had not been 
accounted for in the solutions mentioned above. In a normal 
gravitational field, the gravitational force acts verti-
cally. For inclined surfaces this produces force components 
acting parallel and normal to the surface, and the normal 
component may act towards or away from the surface depending 
on the surface orientation. 
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Previous Work Related to Present Problem 
By eliminating the momentum equation normal to the 
surface, Merk and Prins were able to develop the general 
relations for similar solutions for isothermal axisymmetric 
surfaces and to show that the cone has such a solution. 
However, approximate techniques were utilized to arrive at 
an expression for the Nusselt number. Hering and Grosh (3) 
subsequently showed that similar solutions for the cone 
could be obtained if the wall temperature distribution was a 
power function of the distance along a cone ray. They dis-
cuss the cases of isothermal surface, linear surface temper-
ature variation, and constant heat flux. Numerical integra-
tion of the differential, equations for the first two cases 
for a Prandtl number of 0.7 were presented. The results of 
the isothermal cone agree with the approximate solution of 
Merk and Prins. Hering and GroEih also found agreement with 
previously published experimental results for vertical sur-
faces (cylinders and planes), horizontal wires, spheres, and 
blocks in air, water, alcohol, and oil when the gravita-
tional acceleration was interpreted as the component paral-
lel to the body surface. The gravitational acceleration 
component parallel to the surface was used by Kreith (4) in 
a modification of an accepted relationship for the vertical 
plate which was derived by Eckert and presented very com-
pletely by Holman (5). 
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The results of experiments by Rich (6) using a Mach-
Zehnder interferometer for plates inclined from zero to 40 
degrees also led to a conclusion that the modified vertical 
plate equation referred to above -would predict the Nusselt 
number within 10 percent. Rich also states that the transi-
tion from laminar to turbulent flow occurs at lower Grashof 
numbers as the inclination of the plate is increased. A 
discussion of this paper by Ostrach indicates that the 
treatment of the pressure gradient terms was the same as 
that used in solutions for the vertical plate. The 
increased effect of the component of the body force term nor-
mal to the surface should require the inclusion of the 
momentum equation normal to thes surface. Ostrach states 
that the pressure normal to the surface has the same magni-
tude as the body force component in that direction. Also in 
the discussion of this paper, Rutkowski and Tribus commented 
that the effect of inclining the surface apparently was 
small and that accurate apparatus should be used in any 
further study. 
The numerous papers on free convection from vertical 
surfaces provided further insight into the general nature of 
the problem. An analysis given in Bird, Stewart, and Light-
foot (7) indicates that a correlation of the form 
Nu = C (Pr Gr) 1/ 4 
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with C a weak function of the Prandtl number only, is cor-
rect for laminar flow in the boundary layer. The similar 
solution presented by Ostrach (8) verifies this. The 
results of this analysis were shown to correspond closely 
with results of the approximate analysis by Eckert which was 
mentioned earlier. This study was made for flow about a 
vertical plate and the momentum equation normal to the sur-
face was not used. 
McAdams (9) presents a semi-empirical analysis of 
several experimental efforts and evaluates the coefficient c 
as a single constant. As is pointed out by Ostrach, this 
correlation holds in a limited range of Prandtl numbers (for 
air and water). The results of experiments with oil per-
formed by Lorenz (10) do not show good agreement with the 
results of Ostrach1s and Eckert8s analyses and are more com-
patible with the correlation derived by McAdams. The 
experimental work of Touloukian, Hawkins, and Jacob (11) for 
vertical cylinders in water and ethylene glycol produced a 
correlation similar to that of McAdams. They also obtained 
data for turbulent free convection and present an interest-
ing discussion of the method of'correlating- data in the tur-
bulent range. Further discussion of this is given by Brown 
and Marco (12) . 
A method of obtaining similarity solutions for free 
convection from vertical plates and cylinders has also been 
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used by Yang (13). The momentum equation normal to the sur-
face was omitted in this analysis also. 
A study of the asynptotic behavior of heat transfer in 
laminar boundary layers for large Prandtl numbers was pre-
sented by Morgan and Warner (14) . This analysis was based 
on the fact that, for large Prandtl numbers, the conduction 
term in the energy equation is important only in a region 
that is thin compared with the velocity boundary layer and 
that in this region both conduction amd convection are 
equally important. A transformation (based on the Prandtl 
number) of the coordinate normal to the body surface produces 
a form of the energy equation in which the conduction and 
convection terms are balanced with respect to their asymptotic 
dependence on the Prandtl numbesr. The behavior of the local 
heat transfer coefficient can be deduced immediately. For 
the case of the vertical plate the authors succeed once again 
in showing that the Nusselt number is dependent on the one-
fourth power of the Prandtl number-Grashof number product. 
They also indicate a correlation of the form derived by 
McAdams (9) but with slightly higher coefficients. 
In a paper by Stewartson (15) on free convection from 
a horizontal plate both momentum, equations were included in 
the original differential equations. However, before a simi-
lar solution was obtained one of the body force terms was 
reduced to zero (the horizontal plate solution). An 
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interesting method of including the pressure term was also 
presented. Because several terms were omitted, this solu-
tion is not applicable to the present problem directly but 
study of the various aspects of the solution led to the con-
clusion that similarity approaches would not provide an ade-
quate description for inclined surfaces. 
Two papers by Tritton (16,17) present valuable infor-
mation on experimental techniques used in studies of 
turbulent free convection on inclined, plates. Transition to 
turbulent flow was also studied. The description of the 
plate heating arrangement shows the need for varying the 
heat flux along the plate and indicates that the difference 
in flow patterns above and below the plate would require a 
different heat flux distribution for each side to maintain 
isothermal conditions simultaneously. Tritton found that 
the component of the body force* normal to the plate causes a 
stratification of the flow. The- Richardson number is an 
indication of the importance of the normal body force com-
pared with that of the shear forces. The stratification has 
a stabilizing effect on the convection below a heated 
inclined plate where hotter fluid is above colder fluid. 
Above a heated plate the situation is reversed and the 
stratification is destabilizing. Further discussion of 
stratification is given by Prandtl (18). 
Recently, Michiyoshi (19) has presented a solution 
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for natural convection from an inclined plate under condi-
tions that the Prandtl number is near one. The solution is 
based on the flat ellipse approximate method in which the 
integral boundary layer relations are solved by assuming 
velocity and temperature profiles. The results of these 
numerical calculations show the effect of the angle of incli-
nation and predict a difference* for the flow above and the 
flow below the plate. For the flow below the plate inclined 
at angles up to 60 degrees from the vertical the results can 
be correlated directly with the cosine of the angle raised 
to the one fourth power. 
Free convection analyses that included variable prop-
erty effects were presented by Sparrow and Gregg (20) and by 
Fritsch and Grosh (21). Both presented a similarity trans-
formation for reducing the compressible flow equations to 
ordinary differential equations„ Sparrow and Gregg intro-
duced the variable properties by specifying various func-
tions of temperature. They also present a justification for 
the choice of reference temperature to make the variable 
property solution compatible with the constant property 
solutions. Fritsch and Grosh used tabulated density-
temperature data for water near the critical state and a 
numerical differentiation procedure to introduce the vari-
able property effects. 
Experimental results for free convection from an 
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inclined flat plate in air have been obtained by Douglass 
(24) and Patel (25)„ Experimental results for free convec-
tion from an inclined flat plate in oil have been obtained 
by Farmer (26), Morris (.27), Barnes (28), Moorehead (29), 
and Young (30). The experimental work of Farmer was 
reported in a paper by Farmer and McKie (31) . 
Research Objective 
The objective of the proposed study will be to inves-
tigate the effects of variable properties and the angle of 
surface inclination on the natural convection from an iso-
thermal flat plate by using a finite difference scheme. The 
numerical procedure will be flexible enough to allow the 
introduction of property relations applicable for different 
fluids. Experimental results are available for both air and 
oil as the heat transfer medium and the property relations 
applicable to these fluids will be used in the analytical 
calculations. 
In the study of the effect of the angle of inclina-
tion the influence of terms ordinarily omitted from the 
momentum equations for boundary layer flow will be investi-
gated. These additional terms are expected to contribute 
more to the solution as the angle of inclination is 
increased. For angles of inclination approaching 45 degrees, 
the momentum equation normal to the surface may be needed 
for a complete mathematical model of the flow. This 
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equation will be retained in the analytical solution and its 
contribution will be noted. The results of both the experi-
mental and the analytical investigations will be combined to 
give a single correlation for the heat transfer coefficient. 
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CHAPTER II 
FORMULATION OF THE MATHEMATICAL MODEL 
The general considerations involved in the formula-
tion of a mathematical model of the two dimensional/ 
natural convection flow caused by a heated flat plate 
inclined at various angles from the vertical position is 
discussed in this chapter. To conform to previously per-
formed experimental tests, the angle of inclination, 
measured from the vertical, is to be varied from 0 to 45 
degrees. The model should reflect the variation of physical 
properties with temperature when such variation is a signifi-
cant effect. 
The governing equations were considered to be the 
equations of change for the steady plane-flow of a non-
isothermal Newtonian fluid. The results of the derivation 
given in Appendix D, page 109, are as follows: 
• / au , au.t a u au,» a r /au . a v ^ 
P (uaSE + vay) = a* l^ail^ayHay + a5Eil 
^ c i + P o o ^ 0 5 9 ! 1 - ^ ! U) 
11 
r \ ax ay| axL^ ~ 
eu | av 
ay ax ay l ^ ay 
-gc f - P T O g sin 9 (!-.£.] ; (2) 
p c D \uZL + v 9 T | =. - 9 - | k 9 T | + ._3_ | k a T ] (3) 
h p i ax ay I axl axl ay .1 ayj 
a* + ax = . 0 (4) 
ax ay 
For two-dimensional flow in the neighborhood of an inclined 
surface the pertinent boundary conditions are: 
y = 0 u = v = 0 T = T w 
y -* oo u = 0 T = ^ P = 0 (5) 
In equations (1) and (2), the symbol, P, is the difference 
in pressure measured from the hydrostatic condition. The 
effect of compressibility on the continuity equation was 
neglected. 
The four equations describing the motion contain four 
dependent variables, u, v, T, and P, in terms of the two 
independent variables, x and y, and with the associated 
boundary conditions the basis for a model is established. 
If the resulting mathematical model is used to describe 
cases which include the variation of property values, the 
physical properties would normally be considered functions 
of temperature only. In all cases, the density, p, in the 
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term (l-p/p^) in equations (1) and (2) would be considered 
as a function of temperature. These partial differential 
equations are coupled and must be solved simultaneously. 
They are non-linear and, for variable property studies, will 
contain functions of temperature specifying the property 
values according to each fluid considered. 
The complex nature of the problem as described elimi-
nates the possibility of obtaining a solution in closed form. 
Retention of non-linear terms and variable properties indi-
cates the need for a numerical method using a finite differ-
ence technique as the proper procedure for this solution. 
Generally, finite difference schemes must be structured with 
a definite grid pattern and definite boundary values. The 
type of finite difference scheme, the geometry of the finite 
difference grid, and the physical extent of the grid pattern 
all would affect the behavior of the solution and these 
characteristics of the model will have to be chosen judi-
ciously to provide an acceptable solution. 
A reduced version of equations (1) , (2) , (3), and (4) 
may be formulated to retain the essential physical character 
of the natural convection flow and provide a reasonable 
evaluation, using the criterion stated above, of any pro-
posed finite difference scheme,,, These equations are: 
uau + vau a V + g h ... _£_\ {e) 
ax ay °°dY2
 y I Poo I 
13 
„ a T • „ a T _ n a
2 T (1, 
u ^ + v a ^ " a ° ° ^ ( 7 ) 
9^ +aX"= 0 (8) 
ax ay 
The bounda ry c o n d i t i o n s f o r t h e s e e q u a t i o n s a r e : 
y = 0 u = v = 0 T = Tw 
y - > o o u = 0 T = TQO ( 9 ) 
These equations are essentially the same as the equa-
tions used by Ostrach (8) for the similarity solution for 
natural convection from a vertical plate. Only the body 
force term has been changed so that any function/ p(T), may 
be employed. The use of these equations would permit an 
evaluation of the validity of the results by direct compari-
son with the results obtained by Ostrach. 
A detailed discussion of the derivation of the finite 
difference equations will be presented in the following 
chapter. The grid pattern which satisfied all the criteria 
previously stated is shown in Figure 1, page 13. All 
boundaries of the grid except the plate area were considered 
to have values of u = v = 0 and T = Too- The portion of the 
grid boundary which is considered to be the plate was 
assigned the boundary conditions of u = v = 0 and T = Tw. 
This imposed conditions along the upper and lower boundaries 
of the grid and restricted the value of v along the grid 
14 
J*tt 
Figure 1. Finite Difference Grid Pattern, 
15 
line, j = N. The finite difference scheme which was used to 
calculate the values of u, v, and T at the internal points 
in the grid was developed so that the effects of the arti-
ficial boundary conditions stated above were effectively 
masked and the velocity and temperature profiles retained 
their desired characteristics. 
This complete specification of values for all boun-
dary points of the grid was required because the computer 
programs were generalized to allow for any combination of 
signs for the velocity components. After the numerical 
solutions were obtained, it was observed that only one com-
bination, namely u ^ 0 and v £ 0, had occurred. Thus, only 
one version of the difference equations was actually 
utilized during computation. The boundary values along the 
upper grid line were never included in the calculations. 
The restriction of v = 0 was also removed from all grid 
boundaries except the plate itself-
Along the grid line, j = 1 , below the plate, 1 c i 
< ML, and above the plate MT < i < M, several modifications 
of the boundary values were investigated. Each of these 
modifications involved assuming a temperature distribution 
along these lines which provided a continuous change from 
T•= Too to T = Tw. The final choice of the step-wise change 
in T occurring at the plate was based on the comparison of 
the results of this investigation and the results reported 
by Ostrach (8) . [ 
In all cases investigated, the solution near the 
leading edge of the plate was not valid.. The local velocity 
and temperature profiles did not exhibit.the proper shape, 
and the local values of the convection coefficient, h(x), 
remained finite. To improve the numerical integration of 
the local values of h(x) in calculating the average heat 
transfer coefficient, h, for the plate, the assumption that 
h(x) was proportional to x"1' was used in the first inter-
vals of the grid patterns. The implementation of this pro-
cedure and an analysis of the results will be described in 
detail in the following chapters. This method provided a 
finite difference scheme and a grid pattern which allowed 
numerical computation of velocity and temperature profiles 
and the average Nusselt number with sufficient accuracy. 
Thus, the mathematical model is formulated in such a 
manner that several versions of the partial differential 
equations describing the motion may be converted to finite 
difference equations and used to calculate values of the 
dependent variables within a particular grid pattern. This 
grid pattern was chosen so that the results were applicable 
to convective flow past a heated flat plate in a semi-
infinite region. The effect of inclination of the plate 
will be studied by inclining the entire grid pattern. 
CHAPTER III 
METHOD OF SOLUTION OF 
THE MATHEMATICAL PROBLEM 
Basically, the method of solution involves the 
approximation of the differential equations by using finite 
differences. The resulting difference equations were then 
used to solve for the values of the dependent variables at 
each point in the finite difference grid pattern. The 
method of solving for the dependent variables must insure 
that the difference equations are satisfied at each grid 
point. If this is accomplished, the accuracy of the solu-
tion depends on the mesh size. 
Of the several methods of solving difference equa-
tions, only conventional iteration of the explicit steady 
state equations proved successful.. The unsteady state 
method proposed by Heliums (22) exhibited unstable charac-
teristics which appeared to be independent of the size of 
the time increment. Heliums also accounted for the density 
variation by introducing the coefficient of thermal expan-
sion. The iteration was unsuccessful until the equations 
were written so that all the coefficients were positive. 
This produced what Richtmyer (23) calls positive type dif-
ference equations and in general requires four different 
18 
sets of equations at each grid point. The particular set of 
equations which should be used depends on the sign of the 
local velocity components. The use of these conditions in 
the unsteady state method to determine stability criteria is 
well documented but no reference could be found of their 
application in conventional iteration techniques. This par-
ticular innovation of the use of conventional iteration tech-
niques was responsible for the solution converging to the 
desired results for a plate suspended in a semi-infinite 
body of fluid. Other attempts at iteration produced solu-
tions with reversed flow characteristics far from the plate. 
The derivation of the positive type difference equa-
tions for the check solution using the equations similar to 
those of Ostrach will be presented next. After that the 
difference equations for the present study will be 
developed and the method; of iteration explained. 
The Difference Equations 
for the Check Solution 
The derivation of the difference equation approxima-
tion for the differential equation (7) must in general con-
sider the four possible cases in which the u and v veloci-
ties may be either positive or negative. The flat plate, 
however, provides a special condition in which the u 
velocity is always positive or zero and the v velocity is 
always negative or zero. Under these circumstances, only 
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one of the four cases need be considered. The difference 
equations for the other three cases are presented along with 
the computer programs in Appendices B and C. As written, 
the programs will admit any sign combination for the 
velocity components. Inspection of the numerical results 
indicated that the conjecture given above is correct. The 
grid notation for a general point within the grid pattern is 
given in Figure 2, page 20. 
For the case of u.^ j ̂  0 and ~v±fj £ 0/ a. backward 
difference approximation must be used for aT/ax, and a for-
ward difference approximation must be used for 6T/ay. This 
will insure that all the coefficients will be positive when 
the difference equation is rearranged to solve for T^ ,•. 
The standard central difference approximation for a T/ay 
may be used. This results in the following difference 
equation: 
u i*J 
•iv 1-
Ti-1, j 
Ax 
+ v i> J 
T±,i+1-Tj,i 
Ay 
'OO 
^i+i-2'^j+Ti,i-i i 
(Ay)2 
(10) 
Because this equation will be valid for only u^ ,-̂ 0 and 
v.jn-̂ 0 it may be changed to 
u i / J 
IT. > 1 1 1 - 1 , 1 
Ax 
V-i 
l i O 
/ T i / , i+l"T i / j 
Ay 
= a. DO 
^ , i + l - ^ i , j H - T i , 1 - l l 
(Ay) 
( I D 
20 
X 
© 
i.J-1 
i+l,j 
Ax 
L. Ay — > < • 
i,j- i,j+l 
i™l ,j 
Figure 2. Notation for General Grid Point. 
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The coefficients in this equation may be conveniently 
written 
*y = 
aoo 
(Ay) 
B =.-!%! (12) 
Ax 
vi i 
Ay 
Substituting equations (12) into equation (11) results in 
reduced form 
B(Ti/j-.Ti_i./j)-C(Ti/j + 1^T i / J)=Ay(T i / j + 1-2T i / j+T i / j - 1) 
This may be solved for Tj_j, as follows 
T i / j iF V
T i , : l + i
+ T i , i - i L + ^ - r , i + C T i , 1+i ( 1 3 ) 
2Ay + B + C 
The sum of the four coefficients on the right side of equa-
tion (13) is 
-2*L + _ B + _ _ £ _ = i (14) 
2Ay+B+C 2Ay+B+C 2Ay+B+C 
Thus, by defining the coefficients as in equations (12) so 
that they are always positive, and using the appropriate 
finite difference approximations as shown in equation (10), 
the sum of the coefficients in equation (13) is unity. 
These two conditions are sufficient to guarantee that Tj^j 
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is bounded by the four values of temperature at the adjacent 
grid points. Equation (1.3) is used at every point in the 
grid and provides the guarantee that each temperature so 
calculated is bounded by the values of the temperature at 
the adjacent points. Since the entire grid is bounded by 
T = Tw and T = Too then no interior point can have a value 
outside these limits. This insures the stability of the 
solution and contributes to the ability of this method to 
correct for the artificially imposed restrictions at the 
finite grid boundaries. There is no tendency for down flow 
along the j = N grid line with this method. 
The momentum equation, (6), may be transformed in a 
similar manner except for the non-linear condition involving 
the u velocity and for the additional tesrm which accounts 
for the variation of density. As an example, for the case 
of uj., j > 0 and v^ j £ 0. A backward difference should be 
used for both au/ax and a forward difference is required for 
6u/ay, resulting in the following equation 
ui,J 
|Ui,i-Ui-l, 
OO 
Ax 
+ vi,j 
•glzJ+l-Pj,! 
Ay 
ui,j^i"2ui,j^ui,j--i 
(Ay)2 
( I - £±*J 
V pGO 
+ gjl  Li J_ (15) 
The value of p. . is calculated as a function of the value 
of T'j_/j. To resolve the non-linearity existing in the first 
term, the first u^ n- is considered known and taken as the 
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old value at the grid point, the remaining u-ĵ j terms are 
grouped together in a manner similar to that of the T-jn-
terms in the energy equation previously discussed. The 
coefficients B and C remain as previously defined and a new 
coefficient, A„, must be defined as 
*y = 7 ^ (i6) 
Introducing these coefficients into equation (15) gives 
B(ui, j-Ui-i, j) - C(ui/j.+i-ui/j) = 
AyCui^+i^ui^+ui^.i) + g(l- ̂ 4 (17) 
Equation (17) may be solved for u± \ it:o y i e l ^ 
u± • = ^ ^ i / J + l ^ i / J - ^
 + B U i -1 / J + C u i / J + l + g ( 1 - ^ L ) ( 1 Q ) 
2Ay + B + C 
The additional term in equation (18) insures that the u 
velocity can not be negative because pi + < p^* The magni-
tude of thesfirst portion of the equation (18) is bounded by 
the values of u at the adjacent 'points. Without the contri-
bution of the last term, the value of u would remain zero. 
The continuity equation (8) may be written in finite 
difference form as 
ui+l/,i-
ui-l/,1
 v i J - ^ b l _ o 
2Ax Ay 
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This equation may be solved for vj_ j to give 
vi,j = vi,j-l - £g (uirl.j-«i-l.j) (19) 
This form is utilized so that new values of v^ ^ depend only 
on Vj_ j_]_ and the solution may be started along the line 
j =. 1 which contains the plate and continued to the outer 
edge of the grid pattern. 
The numerical solution of equations (13), (18), and 
(19) may be started with any assumed set of values of u, v, 
and T throughout the grid pattern. Equations (13) and (18) 
may be iterated over the grid and equation (19) is used to 
update the values of v. The iteration is continued until 
the three equations are essentially satisfied at each point 
in the grid. A practical criterion to judge the degree of 
convergence to a solution may be developed by summing the 
absolute change of both u and T at each point in the grid 
from one iteration to the next. The change in the average 
value of the Nusselt number from, one iteration to the next 
also should be reduced to at least one order of magnitude 
below the desired accuracy level for the Nusselt number. 
The calculation for the average Nusselt number is described 
below. When the sum of the changes in the u and T values 
and the change in the average Nusselt number had been 
reduced sufficiently, the iteration was terminated. 
The local value of the heat transfer coefficient may 
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be calculated by equating the heat trcinsfer per unit area to 
the heat transfer per unit area by conduction in the layer 
of fluid adjacent to the wall. 'This gives the equation 
h(x) (Tw-Too) = -k(al)y=0 (20) 
The partial derivative may be approximated by 
(QT) ^ ~ Tw~Ti,2 (21) 
Wy=0 - ~TT=T— ***•' w -"-oo 
An equation for h^ at each grid point along the plate may be 
derived by substituting equation (21) into equation (20). 
Thus, 
hi = |:¥lH (22) 
"* 'W CXD 
The average value of the heat transfer coefficient is 
defined as 
,- L /-L 
h / dx = h(x) dx 
'o 
or 
r 1 h = - h(x) dx (23) 
o 
Because the numerical solution did not accurately reflect 
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the trend of h(x) as x approached zero, the integration 
indicated in equation (23) must be done in two parts. Over 
the interval from x = 0 to x = X3, the* heat transfer coeffi-
cient is assumed to be given by 
c 
h i ( x ) = ;i.7i ( 2 4 ) 
The constant, Ci, is determined so that h^(x3) will have the 
same magnitude as I13 calculated by equation (22) . In the 
interval from x = X3 to x = L the integration will be per-
formed numerically using h^ from equation (22) . At the 
point, x = X3, the values of h calculated by equations (22) 
and (24) must be equal so the following expression may be 
obtained. 
A Tw-T3,2 Ci 
£y " Tw-Too
 == x T ^ 
From this, the value of C]_ may be determined as 
- x31/4*<Tw-T3,2> 
C l - Ay(Tw-^) <
25> 
Equation (33) may now be rewritten as 
x3 r L 
hL = f h1(x) dx + J h± 
0 x 3 
r x 3 / fL 
= CJL 7 x~ 1 / 4 dx + / h± x 3 . 
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_ x3l/4k(Tw-T3)2) 4 3/4 * A
L
( T _T. , ) d x 
~ £y(Tw-Tod)
 (3X3 > + Ay(T -Too) 7
 (Tw Ti-2)dx 
x3 
_ i x3k(Tw-T3/2) * f
 L
 (T _T ) d x 
- 3 AY(Tw-Too)
 + AyCTw-l^) J U w T i , 2 ; 
x3 
This last expression may be converted to an equation for the 
average Nusselt number. After trying several grid points 
for X3 and comparing the results with those of Ostrach, the 
most favorable value was found to be x3 = 2Ax. This gives 
N u ^ UL _ 8 |Ax) {*w-T3t2J. __1 _ /*
L
(T _T. )d (26) 
°° koo" 3 Uyl (Tw- T^) + AY(Tw-lbo) /
 {T^T^-r2)^ ^6) 
x3 
The integration indicatecl in the last term must be done by a 
numerical method such as Simpson's Rule. 
The results of the calculations will be presented in 
detail in chapter IV. The velocity and temperature profiles 
and the average Nusselt number determined by these calcula-
tions will compare with the results reported by Ostrach. 
The Difference Equations for 
the Variable Property Solution 
The basic differential eqiiations (1), (2), (3)/ and 
(4) were converted to difference equations in the following 
manner. Consider first the energy equation 
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p O J u ^ +vfiZ) = _3_(kaT) + -9_(k9.T) ( 3 ) 
H pv ax ay7 ax ax7 ay ay 
The variation of the thermal conductivity may be accounted 
for by expanding the two terms on the right to give the 
following equation 
pCp(u9T'+ vfi£) = k(9fT + a^T) 
* ax ay ax2 ay2 
+ (9T)(9]S) + (fl£)(2*) (27) 
ax ax ay ay 
A positive difference equation for Tj_ j is desired and the 
sign of the coefficients/ ak/ax and ak/ay/ must be deter-
mined. For liquids/ k decreases as the temperature 
increases and ak/ay will be positive while ak/ax will be 
negative. The opposite is true for gases. Since oil is the 
fluid of primary interest in this study of variable proper-
ties/ the last two terms on the right side of equation (27) 
will be approximated using a backwards difference for aT/ax 
and a forward difference for aT/ay. 
For the case when UJ^J ^ 0 and ^±fj £ 0, the deriva-
tive aT/ax on the left side of equation (27) must be 
approximated with a backwards difference and aT/ay must be 
approximated with a forward difference. This will give an 
equation of the form 
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( p C p ) i # J 
/T- •-T- i A 
u . .
 X i / J X l - l v J 
U i / J Ax 
IT'. • i -T . A 
K l / J 
" T i + l . ; i - 2 T i # . 1 + T i . i ; i . + 2a.ri + l -
2 T i r i + T i / J - l 1 + 
( A x ) 2 ( A y ) 2 J 
(28) 
k i + l , 1 - * : L - l ; i 
2 Ax , 
T i . i - T i - l ^ A . ^ 
Ax T 
i , j + l - * i , i - 1 
2 Ay 
T j , i + l - T j , j1 
Ay J 
A more c o n v e n i e n t form f o r e q u a t i o n (28) may be o b t a i n e d by 
d i v i d i n g by k i ^ j and grouping terms a s shown i n t h e n e x t 
e q u a t i o n 
i*J 
u U. 
Ax ( T i / j - T i - l ^ ) + '̂ la
1 
Ay 
( T i ^ + i - T i . j ) 
1
 0 ( T i + 1 - 1 - 2 ^ i + T i t . ) + — J L _ ( T , , 1 - 2 ^ ,+T± •_•,) + 
( A x ) 2 1 + 1 / J 1 / J l l e l ( A y ) 2 / J + / J / J 
(29) 
^ i + i . i ^ i - i . l 
L 2(Ax) k ± / j J 
( T i , j - T i _ i ' / J ) + -
- K J 
:LJ±iZliz-Li 
L 2(Ay) ki7j 
(Ti/j+l-Ti/j) 
The following terms are defined. 
Al 
(Ax) 
B;L = 
(Ay) 
A2 = fri+l,j-
ki--l,i 
2(Ax)^ k±/j 
C = \^2. PCi u k i 
k / i,j Ax 
B 2 •= 
D = 
k -k. i/i+l~*i,1-1 
2(Ay)2 .ki#J 
^ ' 
v î J. 
1/j Ay 
(30) 
These terms may be substituted into equation (29) and 
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particular signs changed to account for ak/8x < 0 and 6k/ay 
being positive. The resulting equation is 
C<Ti,J-T±-i,j> - B{T±tj + 1-T±fj) = 
Al(Ti+l/j-
2Ti/j
+Ti-l/J)+Bl(Ti,J+l-2Ti/J+Ti/J-l) 
-A^T^j-Ti^j) + B2(Ti/j+i-Ti/j) (31) 
Equation (31) can be solved for T-j^ to give 
T- • = 
AlTi+l#1+CAi+A2+G)Tj.i#1 + (Bi+B2+D)Ti/1+1+BiTi/1_1 
2A! + A2 + 2B]_ + B2 + C + D 
(32) 
Every coefficient in equation (32) is positive and the sum 
of all the coefficients is unity. This is sufficient to 
guarantee that Ts _• will be bounded by temperature values at 
the adjacent grid points. It should be pointed out that the 
coefficients A2, B2, C, cind D depend on the grid location, 
while only A^ and B^ are independent of the grid location. 
The momentum equation in the x direction may be 
written as 
p U u + vau ^ 
H \ ax ay 
_9_(2uau)+ _a_r , a u ^ v n „ g 2E+P gcos e(i- .£_) (i) 
a x k ^ a x
j + ayLMay + ax )J y c ax+ H o° poo 
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The variation of JJ, may be accounted for by expanding this 
equation in the following manner. 
p (ugu + v|u} = 2 d?u + 2(aiL) (|U) + ^9% + |2v_ + 
^ ax ay r a x
2 Qx ax QY Qxay 
( ^ ) ( mi + av) a£ + Poc)g CDS e a - _e_) ay ay ax ycax ruo^ poo 
The terms involving JJ, may be regrouped to give 
p{um + v^y = (a£u + aiu) + 2(^(331) + 
p ax ay ^ gx2 a^z 9x ax 
•(aj4(au + av} + a_ (au^^° _ 
ay ay ax ^ a x ^ r ^ ay7 
gc |^+Poog cos e (i - ^_) (33) 
ax roo 
The term that is cancelled from this equation has been 
eliminated because of the continuity equation which will be 
used. The continuity equation is equation (4). 
The derivatives of viscosity will be coefficients in 
the difference equation and their sign is important in 
choosing whether forward or backwards differences will be 
used. For liquids, the viscosity decreases as the tempera-
ture increases, and aji/ay will be positive while aji/ax will 
be:negative. For gases the opposite is true. This indi-
cates that, for oil, the derivative au/ax must be approxi-
mated with a backward difference and au/ay must be 
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approximated with a forward difference;. 
The difference equation for the* case of ̂ ±fj 2 0 and 
vi/j ̂  ° m a v ̂ °e written as 
P i # j
L U i / J v Ax ' + v i , J l Ay ; J ~ 
"i+i,r
2ui,j+ui-i,j + ^j±]d^Jl
u^2-i 
J ( A x ) 2 (Ay ) 2 
+ 2 ( , u i ^ i - i , h ^ , ^ - i . h 
^ ^ i j + l ^ i . j - l U ^ j + 1 - U j ^ j V l + l J ^ V l - l . J 
2Ay Ay 2AX 
_ g c (
pi+l;£ pi-l/J) + Peo g CC)S 0 (1 - LLJ. ) (34) 
2Ax 
The following coefficients are defined 
CO 
A l = î,i 
(Ax)"2 
A 2 = kiAl,i-^i-- 1 , 11 
(Ax) 2 
C = U i i H 1 ' J Ax 
Bl = t i^ 
(Ay) 
Bo = ^±f iAl^i/ j- l l 
2(Ay)
2 
D = Pa i . J (35) 
r i _ # J ^ 
These coefficients, when substituted into equation (47) give 
the following equation. 
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C(ui , j -Ui_ i , j ) -DCuij+i -Ui^) = 
A l ( u i + 1 , j " 2 u i , j + u i - l , j ) + B l < u i , j + l - 2 u i , j + u i , j - l > 
- A 2 ( » i , j - » i - i / . j ) 
+ B 2 l > i / j + l - U i / J + 2 ^ | W + l , r
v i - l , j > J 
- ^ ( P i + i , j - P i - i , j ) + Poo g cos e ( i - ^ - 1 ) (36) 
Equation (49) can be solved to give the following expression 
for U i 7 j . 
ui,j = 
[AlUi+l/j+(A1+A2+C)ui_i^j + {B1+B2+-D)u±/^ + 1 +D ui/:j_i 
+ B 2 ( ^ E ) ( v i + i , j - v i _ 1 ? j ) + Poo g cos 0 (1 - £LL± ) : A x J - T i / j - X - . 1 . f j ' • i uu =« » - p 
CO 
" SE ̂ i+l.j-^i-l.j^ / (2A1+A2+2B1+B2+C+D) (37) 
The momentum equation in the y d i r ec t ion can be 
wr i t t en as 
p(u§Y + v§^) ^ J _ r u ( | ^ + 9^)1 
H V U a x T ay' l^xL^ ay Bx'J 
^ ( 2 , x g ) - g c j f - P o o g s i n e ( l - p ^ - ) (2) 
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The derivatives which involve p, can be expanded in the 
following manner 
p(uav , vav) _ ..a^ii- + [(a£v , /.a^wau , av^ p u a x + vay> " ^axay + ^ a x 2
 + l a x H a y a5E> 
+2p,a£v + 2 ( t o ' ( | 2 ) - g c | f - Fbo 9 s in 9 (1 - £-) 
ay2 ay ay c ay Poo 
This equation can be rewri t ten as follows 
P(uf¥ + v f $ = ^(fl% + ^ + 2<&> (^> 3x ay ^ ax2 ay ay ay 
+ {&k) (fiu + ay} u^_(fiu . ^ j ^ f ° 
ax ay ax > ay^ar" ay 
-ScgJ-Pbo* Sin ° (1 " £ > (38) 
The term that is cancelled from this equation has been 
eliminated because of the continuity equation which will be 
used. The continuity equation is equation (4). 
This equation will be used to calculate the pressure 
at each grid point based on the values of u, v, and T which 
have already been calculated. There is no stability problem 
associated with this determination, and central differences 
may be used in all terms except the pressure term. It will 
be desirable to use a forward difference approximation for 
the pressure term so that it may be used sequentially, 
starting at the outer edge of the boundary layer and 
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proceeding toward the plate. Because of this, only a single 
difference equation will be required. 
Equation (38) can be transformed into a difference 
equation as follows. 
D. .ru. .(
Vi+1*.rVi-1'1) + v .f^JLhllZi^J-lvl 
Pi,jLui,jl 2Ax ' Vi/J\" 2Ay )] 
= - Poo g sin 9 (1 - £±*±) 
roo 
+u.. [vl+li1-2vl.1+v±-l.1 . vl,1+l-2vi,i+vi/1-l 1 
>X' J (A*)2 + (Ay)2 J 
+ HV±, 1+1-P-i, 1-1) (
vi, i+l"vi, 1-1) _gc (Pj,1 1-Pj,i ) 
2Ay 2Ay ' Ay 
, • ^ 1 + 1 , 1 . - ^ 1 - 1 , 1 . r f
u i f , 1 + l - u l f J i l x , f I i + l > r
v i - l f 1x i + l
 2AX H I " 2Ay j + { 2Ax j J 
T h i s e q u a t i o n can b e s o l v e d f o r Pj_ , j t o o b t a i n 
h.i = *i,J+l - g ^ (v i + 1 / J-2v1 / J +v1_1 # J) 
+ S ^ F t v i . J+ l - 2 v i , j + v i , j - l> 
, i -P ' i . j+ i P ' i ; . i - i i , . 
[
 2 ( A y )
2 — ] ^i.J+i-^.J-i' 
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+ L 77^72 L][(^>K,j+l-
ui,j-l) + (Vi+i^-vi.u)] 4(Ax)^ JLVAY 
" Poo 9 sin 0 ( 1 - ^Lxl) 
1 1 0 % TT 
- Pi,j L ^ 1 (vi+l.J"iVi-l/J) + 24^ ^i/J+l^i/J-l^} (39) 
The continuity equation for the variable property 
solution is the same as the continuity equation for the 
check solution previously described. The finite difference 
form was derived as 
vi,j = vi,j-l"- ^ : :<U±+1,J-U±-1.J> (19> 
Equations (19), (32), (37), and (39) must be satis-
fied at each point in the grid. Starting with any set of 
assumed values for u, v, T, and P, equations (32) and (37) 
may be iterated over the grid and equations (19) and (39) 
are used to update the values of v and P, respectively. The 
iteration is continued until the* convergence criterion is 
satisfied. The calculation for the average Nusselt number 
is performed in the same manner as outlined previously in 
the discussion of the check solution. To account for the 
variation in thermal conductivity, however, equation (26) is 
altered to the following form which includes the local ther-
mal conductivity evaluated by averaging the values at the 
wall and at the first grid point. The form which is 
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applicable for the variable property case is 
Nu hL _ 4 ,Axv #
k3,.l + k3,2*(?\r*3;..2) =  =  (Ax} ^3,1^^3 ) 
0 0 koo 3 v ^ k o Q '(T W- T G O) 
+ 21^ AY?T -Too)- l3
 ( k i , l+H2HTv rT TO )dx (40) 
The integration indicated in the last term must be done by a 
numerical method such as Simpson's Rule. 
The Difference Equations for 
the Constant Property Solution 
In some cases, the variation of physical properties 
is not too severe over the range of temperature which will 
be encountered. When this is true, a simpler version of 
the equations of change (.1)", (2), (3), and (4) / will produce 
satisfactory results with much less numerical computation. 
The reduced set of equations is 
& + g = ° (41) 
UH^V0= ^ ^ 1 + * % " IS i + 9 c o s e (1 - JL) (42) 
OX Qy QXZ QyZ ft>0 9X '" tfr 
•DO 
u g + v | | = U G O (9^ +9^) - i£ » -g sin 6 (1 - f - ) (43) 
ax ay w a x 2 a v2 p ay p ,̂ 
uf*- + v f £ = " o o * ^ + ®% > <44> 
ax ay oo 9 x 2 a y2 
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The finite difference approximations for these equa-
tions may be derived in the same manner as those in the pre-
ceeding examples. Only the final form of each equation will 
be presented here. 
Equation (44) includes one additional term that was 
not considered in the transformation of equation (7) to a 
difference equation. This additional term is approximated 
as 
a 9̂ T „ a
 Ti+lfi-
2Ti,i+Ti-l,i 
°°? _ °° (Ax>^ 
The coefficient Ax is defined as 
Ax = - ^ - (45) 
x (Ax)^ 
Three other coef f ic ien ts have been defined previously . They 
are 
AY - TZ^TZ (Ay) 
u i ll 
B ~ Ax 
c = I X ^ L (.12) 
Ay 
The equation for Tj_ * is written as 
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_ _ (Av+C)Ti, 1+i+AyTl# i-l+AxTi+i, j + CAxfB)^-!, f 
i/J " 2 Ax + 2 Ay + B + C (4e>} 
The momentum equation in the x direction, (42), con-
tains two additional terms which were not considered in 
equation (6). These two terms are approximated as 
- 9 X 2 . . ^ [ ( A X ) 2 3 
5c QP „ gc r^i+i/r^-j^i-, 
Poo 6 x Poo L 2Ax J 
The coef f ic ien ts t ha t are appl icable to t h i s equation are 
TV -_ UQO A - l J 00 
^ ~ 77~7? * y ' ( A x ) z (Ay) 
B = J ^ - i L c = JXi^LL (47) 
Ax Ay 
The f i n a l e q u a t i o n f o r U j ^ i s 
u i , j = [ < V " c ) u i / J + l + V L i , J - l + A x u i+ l> j 
P i -i 
•+ ( A x + B ) u i _ i j + g c o s 0 ( 1 - - ^ - 4 
P oo 
gc ( i + l , J i - l ^ j )-j /(2!Ax+2y+B+C) (48) 
The momentum e q u a t i o n i n t h e y d i r e c t i o n was n o t 
i n c l u d e d i n t h e check s o l u t i o n b u t may b e a p p r o x i m a t e d i n 
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the same manner as equation (2) of the variable property 
solution. This equation will he used to solve for the pres-
sure and no provision for sign changes in the velocity com-
ponents is required. The difference equation form of equa-
tion (43) is written as 
(Vi+l,1-Vi-l,,1)+ .{v±,i+lzZ±j±:k) r'J 2Ax ' Vi/Jv 2Ay 
v i+l, irga^ZLd=i 
00 L (Ax) 
- u _ [ /.__, 2 
V,- . J , - I - 2 V J ,-+V,- i n g „ P ; 14 .1 -P- i i , P i i 
+ X ' J + 1 v i / l — i / J - l i . ^ ( - 3 ^ J ± l _ i f c J ) - g s i n e ( 1 - - ^ 4 - ) 
T ^ p ~ ^ J , TooV. Ay •' y Pco 
This equation is solved for Pj_ ,j to obtain 
p . . ~ p . . n _ ( f e 2 ^ ) f u r
v i + l , l z £ a ^ l t l i - l > J 
* i , j ~ * i > j + l ^ g c U
u c o L ( A x ) 2 
+ v i , j + l - 2 v i J + v i , , 1 - l , _ g s i n e ( 1 - P i ^ l ) 
( A y ) 2 J Pco 
- u ± , (
v ± + l , r v i - l . , 1 ) - v 1 # j ( ] ^ d ± i r
v i . J - l ) } (49) 
1 # J 2Ax ' J 2Ay 
The c o n t i n u i t y e q u a t i o n , (41) , i s t h e same a s t h e o n e 
f o r t h e check s o l u t i o n . The f i n i t e d i f f e r e n c e e q u a t i o n h a s 
p r e v i o u s l y been g i v e n a s 
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Vi,-j = v±,j_! - ̂  (ui+1, j-Ui.!,j) (19) 
The solution to the constant property version of the 
original equations is complete when equations (19), (46), 
(48), and (49), have been satisfied at each grid point. The 
same criterion for judging convergence of the iteration 
should be employed here. The average Nusselt number may be 
calculated by using equation (26) which was derived for the 
check solution but is applicable here because the thermal 
conductivity is considered constant. 
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CHAPTER IV 
EXPERIMENTAL PROGRAM 
» 
An experimental program was undertaken at Mississippi 
State University to provide data on average heat transfer 
rates from inclined isothermal flat plates. This program 
was directed and closely supervised by the author. It was 
carried out by seven graduate students and the individual 
phases were the subject of their (Master0s) theses in 
Mechanical Engineering, (24), (25), (26), (27), (28), (29), 
and (30). 
The first two theses, (24) and (25), describe the 
experimental studies with air as the heat transfer medium. 
The last five theses describe the experiments performed with 
oil as the heat transfer medium. Each thesis is a separate 
work, complete within itself, describing the experimental 
apparatus and procedure, correlating the individual results, 
and presenting an error analysis for that portion of the 
total program. Each student was advised about the work 
which had been done and the scope of the total program. His 
work was closely supervised and the need for accuracy and 
correct experimental techniques was emphasized. Within the 
framework of correct and valid observation each student was 
allowed to analyze his data as he desired. 
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The results of these seven experiments were gratify-
ing. Each student accepted his role in the overall program 
and performed his individual portion adequately. The pri-
mary contribution of Douglass (24) was the construction of 
the apparatus used in the air experiment. He demonstrated 
that the heating arrangement could maintain an isothermal 
plate surface. The data that he took were inconsistent 
which was attributed to errors in measurement at low power 
input settings. Patel (25) revised the instrumentation and 
was able to achieve reproducible results. The data still 
exhibited considerable scatter which was considered normal 
for free convection experiments in gases. 
The experiments in oil -were initiated by Farmer (26) . 
He was responsible for the construction of the apparatus and 
the initial checkout of the instrumentation. His data were 
taken for the vertical plate only and was reported in a 
paper by Farmer and McKie (31). The other four experiments 
were performed for angles of inclination of 20, 30, 40, and 
45 degrees. Although individual differences in experimental 
technique can be recognized when the entire set of data is 
analyzed, the experimental results of the individuals were 
correlated with a correlation coefficient greater than 0.97 
for four sets and greater than 0.92 for the remaining set of 
data. 
The details of the individual experiments and the 
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reported results may be obtained from the theses. The data 
will be presented on several of the figures given in the 
next chapter to complete the results of both the theoretical 
and experimental parts of the total problem. 
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CHAPTER V 
ANALYSIS AND RESULTS 
The general results of the analytical work may be 
divided into two categories: the average Nusselt number and 
velocity, temperature, and pressure profiles for each dif-
ferent set of boundary conditions. The experimental results 
consist of only the average Nusselt number. The analytical 
work was divided into three sections. The first was a check 
solution designed primarily to verify the analytical method. 
The other two sections include the variable property solu-
tion for oil and the constant property solution for air. 
Experimental results for both air and oil are presented. 
Analytical Results 
Check Solution 
The check solution was used to determine the grid 
pattern and geometry and to verify the numerical calcula-
tion for the average Nusselt number. The finite difference 
calculations described in Chapter III were carried out for 
six different plate temperatures with air as the fluid 
medium. The iteration of each case was terminated when the 
change in the u velocity componejnt was reduced to less than 
0.001 feet per second at each point in the grid and the 
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change in the temperature was less than 0.0005 degrees 
Fahrenheit at each point. The calculation of the average 
Nusselt number was made after each iteration and at termina-
tion of the iteration procedure that Nusselt number was 
changing about 0.02 from one iteration to the next. The 
numerical integration for the average Nusselt number was 
performed using the approximation, h ~ x ' , over the first 
two grid points and Simpson's Rule over the remainder of the 
plate. The results are given in Table 1, page 47. For com-
parison, the Nusselt number was calculated using the 
equation: 
NUostrach = °-66 ( T ) 1 / 4 (50) 
which was recommended by Ostrach for a Prandtl number of 
0.7. Figures 3 and 4, pages 48 and 49, show the comparison 
between the present theoretical results and that of 
Ostrach. The deviation at the higher Grashof numbers may-
be explained by the difficulty in determining the degree of 
convergence of the iterative procedure. For these solutions 
the change in the average Nusselt number was not utilized as 
part of the convergence test because, at this point, the 
final method of calculating the Nusselt number had not been 
determined. The choice of X3 = 2 ̂ x was based on these 
results and the change in the Nusselt number was incor-
porated in the convergence tests for subsequent solutions. 
Table 1. Analytical Results for Check Solution 
TW Too P r r i o o 
G r o o N u o o N u O s t r a c h 
1 2 0 70 0 . 7 J o >L x 1 0 9 1 0 8 . 7 1 0 9 . 7 
1 4 0 70 0 . 7 4 . 3 x 109 1 1 7 . 6 1 1 9 . 3 
180 70 0 . 7 6 . 7 x 109 1 3 0 . 5 1 3 3 . 7 
2 0 0 70 0 . 7 7 . 9 x ' l 0 9 1 3 5 . 4 1 3 9 . 3 
240 70 0 . 7 1 . 0 x 1 0 l 0 1 4 3 . 6 148 .9 
280 70 0 . 7 1 . 3 x 1 0 1 0 1 5 0 . 2 1 5 7 . 3 
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A further comparison with the work of Ostrach is obtained by 
calculating the dimensionless parameters n, F', and H 
defined by Ostrach as 
n = & 1 / 4 T 
4^ x 
2 T / G X X 
H ( n ) = m-TTp" ( 5 1 ) 
XW oo 
Figures 5 and 6, pages 51 and 52, show how the iterative 
procedure of this investigation compares with the similarity 
solution of Ostrach. Profiles at three positions along the 
plate are presented. 
It is noted that the temperature profiles show excel-
lent agreement, but the velocity profiles tend to diverge at 
the outer edge of the boundary layer. The body force term 
used in this part of the present investigation was the only 
departure from the equations used by Ostrach. However, in 
the vicinity of the plate* the results are almost identical 
and there is good overall agreement bejtween the results of 
this investigation and those of Ostrach. 
Variable Property Solution for Oil 
The physical properties of the Necton-45 oil used in 
the experimental investigation were expressed as functions 
A x/L =0.1429 
O x/L.- 0.4643 
P x/L =0.7857 
—- Ostrach Solution 
Tw=200 1^=70 
0.04-
0 
^ ^ J ^ L u ^ 
Figure 5. Comparison of Temperature Profiles. 
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Figure 6. Comparison of Velocity Profiles. 
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of temperature and used in this Solution. These functions 
are given in Appendix A. The finite difference equations 
discussed in Chapter III which retained the variable prop-
erty terms were used, and an iteration procedure similar to 
that of the check solution was employed. The same converg-
ence criterion based on reducing the relative change in 
velocity and temperature values between iterations to an 
acceptable level, while observing also the relative change 
in the Nusselt number, was used in this case. Twenty five 
separate sets of boundary conditions were considered. There 
were five different conditions of the temperatures Tw and 
TOQ, with five angles of inclination for each. The boundary 
conditions for temperature were chosen to provide a wide 
range in the Prandtl number (by varying T^) and in the 
Grashof number (by varying T w - T^) . Angles of inclination 
from the vertical were 0, 20, 30, 40, and 45 degrees. 
The numerical integration procedure for calculating 
the Nusselt number was the same as before. The Nusselt num-
bers for these 25 calculations are summarized in Table 2, 
page 54. 
The plate was one foot in length and the grid pattern 
extended 0.1429 feet below the lower edge and above the 
upper edge. Twenty nine grid points were included along the 
plate with four additional, points above and four additional 
points below the plate. Sixty grid points were evenly 
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Table 2. Analytical Results for Variable Property Solution 
Angle of Inclination 
Tw T^ prQO
 Groo Qo 2 QO 3Qo 4 QO 4 5 P 
120 40 3792 9.3 x 104 132 131 129 127 125 
180 50 2563 3.4 x 105 182 181 178 174 172 
220 60 1794 8.7 x 105 216 215 212 207 204 
240 70 1295 1.8 x 106 236 234 231 226 223 
260 100 565 9.5 x 106 263 260 257 251 246 
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spaced in the direction normal to the plate. The physical 
dimension in this direction was chosen so that about ten 
grid points would fall within the boundary layer before the 
velocity component parallel to the plate attained its maxi-
mum value. The physical dimension of the flow field in the 
direction normal to the plate thus varied from a minimum of 
0.037 feet to a maximum 0.1 feet. 
Figures 7, 8, 9, 10, and 11, pages 56, 57, 58, 59, 
and 60, show u velocity, temperature, and pressure profiles 
at three positions up the plate- These locations are 0-1071 
0.5, and 0.8929 feet from the leading edge (grid lines i=8, 
19, and 30). The temperature boundary conditions are the 
same for each of these. The ancfle of inclination is the 
parameter that has various valuers. The u velocity and the 
temperature profiles exhibit expected results for the fluid 
flowing upward past a heated plate. The pressure profile 
shows that in all cases the pressure near the surface is 
greater than the hydrostatic pressure existing at the plate 
surface. The y direction is horizontal for the vertical 
plate only, in the other four cases, the inclination of the 
plate would cause a local increase in the hydrostatic pres-
sure at points outward along a line normal to the plate. 
The pressure increase from the local hydrostatic condition 
may be visualized from these figures by simply superimposing 
the local variation of the hydrostatic pressure shown in 
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Figure 12/ page 62. This results in curves showing a pres-
sure increase from the local hydrostatic pressure that will 
be similar to Figure 13, page 62. These curves show that 
the difference in surface pressure and local hydrostatic 
pressure increases up the plate. 
Figure 14, page 63, shows the pressure profiles for 
the line normal to the midpoint of the plate for the five 
angles of inclination. The hydrostatic reference pressure 
for these curves is the same. If curves such as Figure 13, 
page 62, were drawn, the local hydrostatic pressure would 
vary with the angle of inclination. It is apparent from 
these curves that the pressure is not.'impressed across the 
boundary layer' in the normal direction nor is the pressure 
constant along the horizontal lines. 
Figure 15, page 64, depicts the u velocity profile at 
the midpoint of the plate for the five angles of inclina-
tion. As the plate is inclined the maximum value of the u 
velocity decreases, but the u velocity at the outer edge of 
the boundary layer becomes larger. There is very little 
effect in the vicinity of the wall and the shear stress at 
the wall would be approximately independent of the angle of 
inclination. Also the curves in, the region near the wall do 
not cross and the shear stress will decrease for increasing 
angles of inclination. 
The temperature profiles at the midpoint of the plate 
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Figure 12. Hydrostatic Pressure, 
Figure 13. Pressure Profile Relative to 
Local Hydrostatic Pressure. 
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Figure 14. Pressure Profiles at Midpoint of Plate. 
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for the five angles of inclination are shown in Figures 16 
and 17, pages 66 and 67. Figure 16 is included only to show 
the relative thicknesses of the thermal and the hydrodynamic 
boundary layers. Figure 17 indicates the slightly higher 
values of temperature that result (along the midpoint pro-
file) when the plate is inclined. This figure includes only 
the first nine intervals in the grid pattern. 
The other twenty solutions for the remaining four 
boundary conditions for temperature are similar to the ones 
just discussed. A correlation of the Nusselt number as a 
function of the Prandtl number and the Grashof number and 
the angle of inclination will be discussed later. 
Constant Property Solution for Air 
The finite difference equations developed in Chapter 
III for the case of constant physical properties were used in 
the theoretical solutions for air. Twenty five separate 
sets of boundary conditions were used. As before, five dif-
ferent conditions of the temperatures, T w and T^, were 
chosen, and the same five angles of inclination were studied 
for each. The numerical results for the Nusselt number are 
summarized in Table 3, page 68. 
The physical height for the plate considered in this 
study was three feet because experiments were carried out 
with a plate of this size. The flow field extended 0.4286 
feet above the upper edge. Twenty nine grid points were 
66 i 
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Figure 16. Complete Temperature Profile at Midpoint of Plate* 
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Figure 17. Partial Temperature Profile at Midpoint of Plate, 
Table 3. Analytical Results 
Tw T pr<X) Gr 
120 70 0.7 3.1 x 109 
160 70 0.7 5.5 x 109 
200 70 0.7 8.0 x 109 
240 70 0.7 1.0 x l O 1 0 
280 70 0.7 1.3 x 10 1 0 
for Constant Property Solution 
Angle of Inclination 
0° 20° 30° 40° 45° 
N U O Q 
109 108 106 103 101 
126 124 121 118 116 
137 135 132 128 125 
145 143 140 136 133 
152 149 146 142 139 
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included along the plate with four grid points both above 
and below the plate. Sixty grid points were used in the 
direction normal to the plate in this investigation, with 
the physical size being determined in a similar fashion to 
the previous investigation. The maximum value of y varied 
from 0.05 to 0.065 feet during these calculations. 
Figures 18, 19, 20, 21, and 22, pages 70, 71, 72, 73, 
and 74, show representative u velocity, temperature, and 
pressure profiles at three positions along the plate. These 
locations were 0.3214, 1.5, and 2.6786 feet from the leading 
edge (grid lines i=8, 19, and 30). Figures 23, 24, and 25, 
pages 75, 76, and 77, present a comparison of the profiles 
for a single grid line, at the midpoint of the plate, as the 
angle of inclination is varied. These figures display 
results similar to those previously discussed and the same 
comments apply in this case. 
Comparison of Solutions With and Without the Normal 
Momentum Equation 
As part of the overall numerical investigation of 
this problem, three other solutions were generated. A solu-
tion for oil using the same four equations as in the solu-
tions previously described was done with the property values 
considered constant and evaluated at T^D . Solutions for 
both air and oil, with constant properties, were done with 
only the continuity equation, momentum equation, parallel to 
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the plate, and the energy equation. In addition to the 
omission of the momentum equation normal to the plate, the 
pressure gradient term in the momentum equation parallel to 
the plate was eliminated. No other changes in the equations 
were made and the method of solution was the same. 
The differences in the solutions for air when the 
normal momentum equation was added are very minor. Figures 
26 and 27, pages 79 and 80, show characteristic profiles 
for the oil solutions for angles of inclination of zero and 
45 degrees, respectively. The esffect of including the nor-
mal momentum equation was much more pronounced for the zero 
angle of inclination and was almost negligible at 45 degrees. 
The magnitude of the v velocity increased more 
rapidly when the normal momentum equation was included for 
the vertical plate. At an inclination of 45° an opposite 
trend was noticed with a slightly lower v velocity magnitude 
for the solution including the normal momentum equation. 
The magnitude of the u velocity was greater for the 
solutions including the momentum equation normal to the 
plate and only slight differences were noted in the tempera-
ture profiles. 
Comparison of Constant and Variable Property Solutions for 
Oil 
The effect of holding the viscosity constant at its 
maximum value, at T^, produced significant differences in 
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these two solutions. Figures 26$ and 29, pages 82 and 83, 
show profiles for the vertical plate and for the plate 
inclined at 45 degrees, respectively. The differences are 
slightly more pronounced at 45 degrees than for the verti-
cal. 
Because the temperature increases near the surface, 
the viscosity decreases, and the magnitude of the u velocity 
component almost doubles for the* variable property solution. 
This increase in motion reduces the temperature from that of 
the constant property solution. To satisfy the continuity 
equation, the magnitude of the v velocity must be greater in 
the variable property solution. 
For the 45 degree case, the pressure profile has a 
greater magnitude in the constant property solution. The 
pressure effect also extends further out into the flow 
field for the constant property solution. 
Experimental Results 
The experiments reported in the* seven theses, (24) , 
(25), (26), (27), (28), (29), and (30), were carried out in 
air and oil with the plates inclined at various angles of 
inclination from zero to forty five decrees. In the oil 
experiments provision was made in the design of the appa-
ratus to reduce the ambient conditions to a low of 28.3 
degrees Fahrenheit. This provided an extremely high Prandtl 
number of 5526. For the oil, the smallest Prandtl number 
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/'. 
was slightly greater than 100, and a Prandtl number of 0.7 
was obtained in all the experiments with air. In the oil 
experiments the Grashof number varied from 1.5 x 10^ to 
3.5 x 10° and the range of Grashof numbers in the air 
experiments was from 1.8 x 10^ to 7.2 x 10 . The results of 
these experiments are presented in Figure 32, page 88. A 
discussion of this figure will be given after the basis for 
the coordinates is established in the next part of this 
chapter. 
Correlation of Theoretical 
and Experimental Results 
The results of the theoretical and experimental 
analyses previously discussed belong to a single class of 
physical phenomena. The classical correlations of heat 
transfer data have been presented in a form such as 
NUoo = fCProo, Grbo, 9) 
Thus, a satisfactory expression of this type was developed. 
The usual method of least squares did not produce satisfac-
tory results, because all of the data were treated in an 
unbiased fashion. The data which were produced by the 
theoretical calculations were much more consistent than the 
experimental data and were given more weight in the correla-
tion. The form of the equation was tafcen as 
85 
NUOQ = 0 .667 
9 1/4 
^ r & q i b b cosQ] 
;~oo + 0..952J Vr 
and certain of the constants were adjusted to provide a 
better correlation with the present data. This equation 
was given by Kreith (4). 
The form which best explains both the theoretical and 
the experimental results of this investigation is 
Nu00= 0.65 
•pr^25GrOD(cose)°-
7^1/4 
Pr 00 + 1.1 
(52) 
Figure 30, page 86, shows the Nusselt number from the theo-
retical calculations plotted versus the Nusselt number pre-
dicted by equation (52). Considering that the Nusselt num-
ber from the equation is the best estimate possible with 
the present information and that the theoretical calcula-
tions contained errors due to the different degrees of 
convergence, the small amount of scatter is considered 
reasonable. The experimental data are added to this figure 
and shown in Figure 31, page 87. In Figure 32, page 88, the 
data are converted to a form such that 
Nu 00 
1.1 + Prv 00 
ll/4 
LPr^25(cos0)0-7 
is plotted versus the Grashof number. 
The angle of inclination has be>.en effectively 
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accounted for, because all five points for different angles 
fall at the same place. (Each triangle and circle is 
actually five points)0 The exponent of the Prandtl number 
was adjusted to account for the variation in property values 
through the boundary layer. Changing this exponent shifts 
the air and the oil data relative to each other. The 
denominator is useful in shifting only the air data because 
it has little effect on data with a Prandtl number greater 
than 100. The extreme scatter in the experimental data for 
air occurs in the lower Grashof range for the air experi-
ments. During experiments in this range, a low wall tempera-
ture was required. This meant that the heat rate was 
reduced. The measurement of electrical power input to the 
heaters under these conditions was extremely difficult and 
the magnitude of the errors was increased. 
The variation of property values may also be 
accounted for by calculation of the Nusselt, Grashof, and 
Prandtl numbers with property values evaluated at the film 
temperature. The data recorded in Tables 2 and 3 are pre-
sented in this manner in Table 4, page 90. This data can be 
correlated by the equation 
Nuf = 0.492 (cose)
0-042Prf°-
0463(PrfGrf)
0-25 (53) 
A correlation of the same form can be deprived for the data 
contained in Tables 2 and 3.. The resulting equation is 
Table 4 . A n a l y t i c a l R e s u l t s f o r Proper ty Values Evaluated a t Fi lm Temperature. 
Angle o f I n c l i n a t i o n 
Tw T°° P r f G r f 0° 20° 30° 40° 45° 
Nu f 
1 2 0 . 0 4 0 . 0 9 6 0 . 0 1 .6 X 1 0 6 1 3 4 . 6 133 .3 1 3 1 . 4 1 2 8 . 4 1 2 6 . 5 
1 8 0 . 0 5 0 . 0 3 9 9 . 7 1 .6 • v 107 1 8 7 . 5 185 .6 1 8 3 . 0 178 .9 1 7 6 . 3 
2 2 0 . 0 6 0 . 0 2 4 3 . 4 5 . 8 X 10? 2 3 4 . 0 222 .1 2 1 9 . 0 2 1 4 . 1 210 .9 
o/m n i \j • \j 1 O O A J . < _ » < j • **• i i X . X X 
O A A A O A O •"» z3y . o ^ J * . 2 2 3 0 . 6 
2 6 0 . 0 1 0 0 . 0 1 3 0 . 2 2 . 2 X 108 2 7 1 . 8 269 .1 2 6 5 . 0 2 5 8 . 8 254 .4 
1 2 0 . 0 7 0 . 0 0 . 7 2 . 6 X 10^ 1 0 4 . 9 104 .2 1 0 1 . 8 9 8 . 7 9 6 . 9 
1 6 0 . 0 7 0 . 0 0 . 7 4 . 1 X 10* 1 1 7 . 2 115.7 1 1 3 . 3 1 0 9 . 8 1 0 7 . 8 
2 0 0 . 0 7 0 . 0 0 . 7 5 . 3 X 10^ 1 2 3 . 8 122 .1 1 1 9 . 5 115 .9 113 .7 
2 4 0 . 0 7 0 . 0 0 . 7 6 . 2 X 10* 127 .7 125.9 1 2 3 . 2 1 1 9 . 5 1 1 7 . 3 
2 8 0 . 0 7 0 . 0 0 . 7 6 . 8 X 10* 1 3 0 . 0 128 .0 1 2 5 . 4 1 2 1 . 6 1 1 9 . 3 
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Nuoo = 0.517(cose)°-
208Pr^093{PrO(:)Groo)
0-25 (54) 
These equations were developed by standard least squares 
techniques and the statistical data obtained in the analysis 
indicates that equation (53) explains the variation in the 
data better. 
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CHAPTER VI 
CONCLUSIONS AND RECOMMENDATIONS 
Theoretical studies of natural convection heat trans-
fer from a flat plate inclined at various angles from the 
vertical position were undertaken for both air and a par-
ticular oil. The angle of inclination was varied from sero 
to 45 degrees to reproduce the physical conditions for 
which experimental data was available. 
Conclusions 
The primary results of this study are: 
1. A numerical solution for the V€irtical and inclined 
plate in oil, which treated the physical properties as func-
tions of temperature, produced velocity/ temperature, and 
pressure profiles in the flow field. Th€» average Nusselt 
number was obtained from the temperature profiles. These 
data were correlated in terms of the Prandtl and Grashof 
numbers and the angle of inclination. 
2. A similar solution was obtained for air but all 
properties were constant except density. 
3. A computer program was developed that could be 
used to produce numerical solutions for angles greater than 
the 45 degrees which was the limit in this study. 
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4. Other solutions were obtained which permitted a 
comparison of results when the properties were held constant 
or considered functions of temperature. The effect of 
including the momentum equation normal to the plate was 
obtained by comparing solutions with and without this 
equation. 
Pressure profiles were obtained in the numerical solu-
tions which indicate that the pressure in the flow field is 
no longer constant along lines normal to the surface as the 
plate is inclined. The pressure near the wall is slightly 
higher than the local hydrostatic pressure and the value at 
the wall increases as the angle of inclination is increased. 
Recommendations 
It is recommended that the finite difference method 
developed for the present study be used to investigate other 
flow phenomena which occur in semi-infinite fluids. A par-
ticularly interesting study of this nature would be the 
natural convection flow below plates inclined at angles 
greater than 45 degrees. The computer programs in Appendices 
B and C should produce valid results for angles approaching 
70 to 80 degrees. 
The transition from laminar to turbulent flow was not 
observed in the present work and should be the object of 
future investigations. 
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APPENDIX A 
PROPERTY VALUES AS FUNCTIONS 
OF TEMPERATURE FOR NECTON-45 O I L 
P = C x - C 2 t 
k = C 3 - C 4 t 
c p - c 5 + C 6 fc 
P = C 2 /p = C 2 / ( C i - C2 t ) 
I n [ l n ( u x 1 0 5 ) ] = c 7 - C 8 t
c 9 
lbm/ft3 
Btu/hr-ft-°F 
Btu/lbm-°F 
1/°R 
ft2/sec 
Cj. = 56.903105 
C2 = 0.021752109 
c3 = 0.0813 
C4 = 0.25 x 10~
4 
c5 = 0.443 
C6 
G7 
C8 
'9 = 
0.45 x 10-3 
2.0802367 
0.011883861 
0.89595891 
The data for viscosity and density were obtained by experi-
ment. The data for the other properties were obtained from 
Maxwell (32). The equations were developed by standard 
least squares procedures, and the number of significant 
figures of some of the constants does not indicate the 
accuracy of the equations. 
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APPENDIX B 
COMPUTER PROGRAM FOR VARIABLE 
PROPERTY SOLUTION FOR O I L 
The finite difference equations solved by this pro^ 
gram are listed below* For subroutine TEMP, the symbols are 
defined by equation 30, page 29, and the resulting equations 
are: 
T _ NUM  
i/j 2A;L + A2 + 2Bj + B2 + C + D 
where NUM stands for the weighted average of the four tem-
peratures around the point i/j. The coefficients of these 
four temperatures are different, depending on the sign of 
the u and v velocities. The coefficients are given in the 
following list: 
Ti,j+1 Ti,j-1 Ti+l/j 
u > 0 and v > 0 Bi + B2 Bj + D Aj_ 
u > 0 and v < 0 B"i + B2 + D Bj Al 
u < 0 and v > 0 Bj_ + B2 B^ + D A± + C 
u < 0 and v < 0 . B^ + B2 + D '' B^ A± + C 
For subroutine UVEL, the symbols are defined by equation 35, 
page 32, and the resulting equations are: 
T i - i , j 
Al +• A2 + C 
Al + A2 + C 
A± + A 2 
Ax + A2 
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V±ii = [NUM + B 2 ( • ^ E
H V i + i , j - V 1 _ l f J - ) 
+ Poo g eos 9 (1 - EiJ.) - fe (P1+1/j-Pi.!, j) ] / 
(2A! + A2 + 2B;L + B 2 + C + D) 
where NUM stands for the weighted average of the four u 
velocities around the point i,j. The coefficients are 
listed below. 
ui,j+l ui.,j-l ui+l/j ui=l,j 
u > 0 and v > 0 B]_ + D B^ + D A± A]_ + A2 + C 
u > 0 and v < 0 Bj_ + B2 + B Bi &i Aj_ + A2 + C 
u < 0 and v > 0 B^ + D Bj + D A± + C Ai + A2 
u < 0 and v < 0 B;L + B2 + D Bi A]_ + C Ai + A2 
For subroutine PRES, equation 39, page 36, was solved and 
for subroutine VVEL, equation 19, page 36, was solved. 
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C VARIABLE PROPERTY SOLUTION FOR OIL, INCLINED PLATE 
REAL K,KOIL,NU,MUOIL,NU,NUl,NU2 
COMMON U(39,60) ,V('39,60) ,T(39,60) ,P(39,60) ,H(39,60) , 
1 R(39,60),S(39,60),ALPHA,DX,DX2,DY,DY2,ERRP, 
2 ERRT ,ERRU ,ERRV ,G ,GS, ITER,M,MAX ,ML ,MT ,M1 ,GR, 
3 N ,NU,NU1 ,NU2 ,N1 ,PR,RHOINF ,THETA,TW,TINF, IEXP 
RHOOIL(T)=56.903105-0.021752109*T 
KOIL(T)=(0.0813-0.000025*T)/3600.0 
CPOIL(T)=0.443+0.00045*T 
BETOIL(T)=l.0/(2615.981-T) 
MUOIL(T)=(0.56903105-0.21752109*T/1000.0)* 
1 (EXP(EXP(2.0802367-0.011883861* 
2 (T**0.89595891))))/1000.0 
DO 999 111=1,13 
READ (17) IEXP,U,V,T,P 
998 FORMAT(120) 
999 WRITE (3,998) IEXP 
1 CALL START 
WRITE (3,9) IEXP 
MAX=1 
M1=M-1 
N1=N-1 
GS=32.16*SIN(3.14159*rIHETA/180.0) 
G=32.16*COS(3.14159*THETA/180.,0) 
DX2=2.0*DX*DX 
DY2=2.0*DY*DY 
DO 2 I=1,M 
DO 2 J=1,N 
H(I,J)=KOIL(T(I,J)) 
R(I,J)=RHOOIL(T(I,J)) 
2 S(I,J)=MUOIL(T(I,J)) 
ITER=0 
3 ITER=ITER+1 
IF (KEYSW(2» 11,11,10 
10 CALL PRES 
11 IF (KEYSW(16)) 13,13,12 
12 CALL TEMP 
13 IF (KEYSW(32)) 15,15,14 
14 CALL UVEL 
15 IF (KEYSW(64)) 17,17,16 
16 CALL WEL 
17 IF (KEYSW(l)) 6,6,4 
4 CALL NUSELT 
6 IF (KEYSW(4)) 3,3,7 
7 CALL NUSELT 
WRITE (17) IEXP,U,V,T,P 
IF (KEYSW(8)> 1,1,8 
8 STOP 
9 FORMATCl' ,9X, 'BEGIN EXPERIMENT NO.' ,14,////) 
END 
SUBROUTINE TEMP 
REAL K,KOIL>MU,MUQIL,NU,]NUl,NU2 
COMMDN U(39,60) ,V(39,60) ,T(39,60) ,P(39,60) ,H(39,60), 
1 R(39,60) ,S(39,60),A]LPHA,DX,DX2,DY>DY2,ERRP, 
2 ERRT,ERRU,ERRV,G,GS,ITER,M,MAX,ML,MT,M1,GR, 
3 N,NU,NU1,NU2 ,PR,RHQINF,THETA,TW,TINF 
RHOOIL(T)=56.903105-0.021752109*1 
KOIL(T)=(0.0813-0.000025*T)/3600„0 
CPOIL(T)=0.443+0.00045*T 
BETQIL(T)=1.0/(2615.981-T) 
MUOIL(T)=(0.56903105-0.21752109*T/1000.0)* 
1 (EXP(EXP(2.0802367-0.011883861* 
2 (T**0.89595891))))/1000.,0 
DO 7 L1=1,MAX 
ERRT=0.0 
DO 7 J=2,N1 
DO 7 1=2,Ml 
A1=1.0/(DX*DX) 
B1=1.0/(DY*DY) 
A2=A1+ABS (H (1+1, J) -H (I -1, J)) /DX2 
B2=B1+ABS(H(I ,J+1) -H(I ,J-1))/DY2 
D=R(I,J)*CPOIL(T(I,J))/H(I,J) 
C=D*ABS(U(I,J))/DX 
D=D*ABS(V(I,J))/DY 
IF (U(I,J)) 2,2,1 
1 A2=A2+C 
GO TO 3 
2 A1=A1+C 
3 IF (V(I,J)) 5,5,4 
4 B1=B1+D 
GO TO 6 
5 B2=B2+D 
6 Z=(Al*T(I+l,J)+A2*T(I-l,J)+B2*T(IjJ+l)+Bl* 
1 T(I,J-1))/(A1+A2+B1+B2) 
ERRT=ERRT+ABS (Z -T(I ,J) ) 
T(I,J)=Z 
H(I,J)=KOIL(Z) 
R(I,J)=RHOOIL(Z) 
7 S(I,J)=MUOIL(Z) 
IF (KEYSW(l)) 9,9,8 
8 WRITE (3,10) ITER,ERRT 
9 RETURN 
10 FORMAT(10X,'ITERATION NO.',14,SX,'ERRT=',F12.4) 
END 
SUBROUTINE UVEL 
REAL K,KOIL,MU,MJOIL,NU,NUl,,NU2 
COMMON U(39,60) ,Vf39,60) ,T(39,60) ,P(39,60) ,H(39,60) , 
1 R(39,60) ,S('39,60) ,ALPHA,DX,DX2,DY,DY2,ERRP, 
2 ERRT,ERRU,ERRV,G,GS,ITER,M,MAX,ML,MT,M1,GR, 
3 N,NU,NU1,NU2,N1,PR,TFI0INF,THETA,TW,TINF 
DO 7 L1=1,MAX 
ERRU=0.0 
DO 7 J=2,N1 
DO 7 1=2,Ml 
A1=S(I,J)/(DX*DX) 
B1=S(I,J)/(DY*DY) 
A2=A1+ABS(S(I+1J)J)-S(I-1,J))/(DX*DX) 
B2=ABS(S(I,J+l)-S(I,J-ri)/DY2 
C=R(I,J)*ABS(U(I,J))/DX 
D=R(I,J)*ABS(V(I,J))/DY 
E=B2*DY* (V(I+1,J) -V(I -1,J) )/ (2. 0*DX) 
B2=B2+B1 
IF (U(I,J)) 2,2,1 
1 A2=A1+C 
GO TO 3 
2 A1=A1+C 
3 IF (V(I,J)) 5,5,4 
4 B1=B1+D 
GO TO 6 
5 B2=B2+D 
6 Z=(A1*U(I+1,J)+A2*U(I-1,J)+B2*U(]:,J+1)+B1*U(I,J-1)-
1 16.08*(P(I+1,J)-P(I-1,J))+RHOINF*G*(1.0-R(I,J)/ 
2 RHOINF)+E)/(A1+A2+B1+B2) 
ERRU=ERRU+ABS(Z--U(I ,J)) 
7 U(I,J)=Z 
IF (KEYSW(l)) 9,9,8 
8 WRITE (3,10) ITER,ERRU 
9 RETURN 
10 FORMAT(10X,TITERATION NO.',I4,5X,TERRU=',F12.4) 
END 
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SUBROUTINE PRES 
REAL K,K0IL,MU,MJ0IL,NU,NU1,NU2 
COMMON U(39,60) ,V('39,6G) ,T(39,60) ,P(39,60) ,H(39,60), 
1 R(39,60),S(39,60),ALPHA,DX,DX2,DY,DY2,ERRP, 
2 ERRT,ERRU,ERRV,G,GS,ITER,M,MAX,ML,MT,M1,GR, 
3 N,NU,NU1,NU2,N1,PR,RH0INF,THETA,TW,TINF 
ERRP=0.0 
DO 7 I=2,M1 
DO 7 J1=1,N1 
J=60-J1 
Z=P(I,J+1)+DY*(R(I,J)*(U(I,J)SHV(I+1,J)-V(I-1,J))/ 
1 (2.0*DX)+V(I ,J) *(V(I ,J+1) -V(I ,J-1))/(2.0*DY)) + 
2 PHOINF*GS*(1.0-R(I,J)/RHOINF)-S(I,J)*((V(I+1,J)-
3 2.0*V(I,J)+V(I-1,J))/(DX*DX) + (V(I,J+1)-
4 2.0*V(I,J)+V(I,J-1))/(DY*DY))-2.0*((S(I,J+1)-
5 S(I ,J-1)) / (2.0*DY))*((V(I ,J+1)-V(I ,J-1)) / 
6 (2,0*DY))-((S(I+1,J)-S(I-1,J))/(2.0*DX))* 
7 C((U(I,J+1)-U(I,J-1))/(2.0*DY))+((V(I+1,J)-
8 V ( I - 1 , J ) ) / ( 2 . 0 * D X ) ) ) ) / 3 2 . 1 6 
ERRP=ERRP+ABS(Z-P(I, J ) ) 
7 Pfl J)=Z 
IF (KEYSW(l)) 9,9,8 
8 WRITE (3,10) ITER,ERRP 
9 RETURN 
10 FORMAT(10X,'ITERATION NO.f,I4,5X,'ERRP=V,F12.4) 
END 
SUBROUTINE WEL 
REAL K,K0IL,MU,MU0IL,NU,NU1,NU2 
COMMON U(39,60) ,V(39,60) ,T(39,60),P(39,60) ,H(39,60) , 
1 R(39,60),S(39,60),ALPHA,DX,DX2,DY,DY2,ERRP, 
2 ERRT,ERRU,ERRV,G,GS,ITER,M,MAX,ML,MT,M1,GR, 
3 N,NU,NUl,Nlf2,Nl,PR,RH0INF,THE;TA,TW,TINF 
ERRV=0.0 
DO 1 J=2,N1 
DO 1 1=2,Ml 
Z=V(I,J-1)-DY*(U(I+1,J)-U(I-1,J))/(2.0*DX) 
ERRV=ERRV+ABS(Z-V(I,J)) 
1 V(I,J)=Z 
IF (KEYSW(l)) 3,3,2 
2 WRITE (3,4) ITER,ERRV 
3 RETURN 
4 FORMAT(10X,VITERATION NO.f,I4,5X,'ERRV=',F12.4) 
END 
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SUBROUTINE NUSELT 
REAL K,K0IL,MU,MJ0IL,NU,NU1,NU2 
COMMON U(39,60) ,V(39,60) ,T(39,60) ,P(39,60) ,H(39,60) , 
1 R(39,60),S(39,60),ALPHA,DX,DX2,DY,DY2,ERRP, 
2 ERRT,ERRU,ERRV,G,GS,ITER,M,MAX,ML,MT,M1,GR, 
3 N,NU,NU1,NU2,N1,PR.,I^H0INF„TH:ETA,TW,TINF 
L1=ML+1 
L2=MT-3 
SUM=G.G 
DO 1 I=L1,L2,2 
1 S U M = S U M + 4 . 0 * ( H ( I , 1 > + H ( I , 2 ) ) * ( 1 . ¥ - T ( I , 2 ) ) 
1 +2.G*(H(I+1,1)+H('I+1,2))*(TW-T(I+1,2)) 
NU1=DX*((H(ML,11+H(ML,2))*(TW-T(ML,2))+4.G* 
1 (H(Mr-l,l)+H(Mr-l,2))*(TW-T(Mr-l,2)) + (H(MT,l)+ 
2 H(Mr,2))*(lW-T(MT,2))+SUM)/(6.0*DY*H(l,l)* 
3 (TW-TINF)) 
NU2=NUl+DX*(7.0*(H(ML+2,l)+H(ML+2,2))* 
1 (TW-T(ML+2,2))-(H(I^,l)+H(ML,>2))*CTW-T(ML,2))-
2 4 . 0 * (H(ML+1,1) +H(ML+1,2) ) * (TW-T(ML+1,2) ) ) / 
3 (6.0*DY*H(1,1)*(TW-TINF)) 
IF (KEYSW(l)) 3,3,2 
2 WRITE (3,4) ITER,NU1,NU2 
3 RETURN 
4 FORMAT(10X,'ITERATION NO. \I4,5X,'NUSSELT NOS. = ?, 
1 2F12.3) 
END 
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APPENDIX C 
COMPUTER PROGRAM FOR CONSTANT 
PROPERTY SOLUTION FOR AIR 
The finite difference equations solved by this pro-
gram are listed below- For subroutine TEMP, the symbols are 
defined by equation 12, page 38, and the resulting equations 
are: 
T _ NXJM  
i/j 2AX + 2Ay + B + C 
where NUM stands for the weighted average of the four tem-
peratures around the point i,j. The coefficients of these 
four temperatures are different, depending on the sign of 
the u and v velocities. The coefficients are given in the 
list below. 
Ti,j+1 Ti,j-1 TI+l,j Ti-l,j 
u > 0 and v > 0 Ay Ay + C Ax Ax + B 
u > 0 and v < 0 Ay + C Ay Ax Ax + B 
u < 0 and v > 0 Ay Ay + C Ax + B Ax 
u < 0 and v < 0 Ay + C Ay Ax + B Ax 
For subroutine UVEL, the symbols are defined by equation 47, 
page 39, and the resulting equations are: 
103 
U i / j =[NUM + g cos 9 (1 - EJLul) _ 2-fe-(Pi+1#rPi.1#:,)] / 
( 2 ^ + 2Ay + B + C) 
where NUM stands for the weighted average of the four u 
velocities around the point i,j. The coefficients are 
listed below: 
ui,j+l ui,j-l ui+l,j ui-l,j 
u > 0 and v > 0 Ay Ay + C Ax Ax + B 
u > 0 and v < 0 Ay + C Ay Ax Ax + B 
u < 0 and v > 0 Ay Ay + C A,x + B Ax 
u < 0 and v < 0 Ay + C A.,. Ax + B ^x 
For subroutine PRES, equation 49, page 40, was solved and 
for subroutine WEL, equation 19, page 41, was solved. 
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REAL K,K0IL,L,MU,MU0IL,NU,NU1,NU2 
COMMON U(39,60),V(39,60),T(39,60),P(39,60),ALPHA,AXT, 
1 AXa,AYT,AYU,DT,DU,DX,DY,EI^RT,ERRU,FNU,G,GR,ITER, 
2 Kl,K2,K3,K4,L,M,MAX,>ML,Mr„Ml,M2,N,NU,NUl,NU2,Nl, 
3 N2,PERCNT,PR,RH0INF,THETA<(T0P,TW,TINF,W,GS,ERRP 
DIMENSION A(2,25) 
MAX=2 
1 READ (6) TW,TINF,THETA,RH0INF,NUJALPHA,PR,GR,NU1,NU2, 
1 FNU,DX,DY,M,N,ML,Mr,XL,>Cr,IEXP 
3 DO 4 1=1, M 
DO 4 J=1,N 
4 P(I,J)=0.0 
READ (4) IEXP,U,V,T 
5 M1=M-1 
N1=N-1 
WRITE (3,13) IEXP 
GS=32.16*SIN(3,14159*TMETA/180.0) 
G=32.16*GOS(3.14159*THETA/180.0) 
AXT=ALPHA/(DX*DX) 
AXU=NU/(DX*DX) 
AYT=ALPHA/(DY*DY) 
AYU=NU/(DY*DY) 
DU=2.0*(AXU+AYU) 
DT=2.0*(AXT+AYT) 
ITER=0 
6 ITER=ITER+1 
CALL WEL 
CALL PRES 
CALL UVEL(l) 
CALL TEMP 
IF (KEYSW(l)) 9,9,7 
7 CALL NUSELT 
IF (KEYSW(2)) 9,9,8 
8 CALL OUT(1) 
9 IF (KEYSW(4)) 6,6,10 
10 CALL NUSELT 
A(1,IEXP)=NU1 
A(2,IEXP)=NU2 
WRITE (12) IEXP,U,V,T,P 
IF (KEYSW(8)) 1,1,11 
11 DO 12 1=1,IEXP 
12 WRITE (3,14) I,A(1,I),A(2,I) 
STOP 
13 FORMAT('l',9X,'BEGIN EXPERIMENT NO.',14,////) 
14 FORMAT(10X,I4,2F20.6) 
END 
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SUBROUTINE PRES 
REAL K,K0IL,L,MU,MU0IL,NU,NU1,NU2 
COMMON U(39,60),V(39,60),T(39,60),P(39,60),ALPHA,AXT, 
1 AXU,AYT,AYU,DT,DU,DX,DY;EIiRT,ERRU,FNU,G,GR,ITER, 
2 Kl,K2,K3,K4,L,M,MAX,ML,Mr.)Ml,M2,N,NU,NUl,NU2,Nl, 
3 N2,PERCNT,PR,RHOINF<(THETA3)TOP,TW,TINF,W,GS,ERRP 
RHO(T)=39.667215/(T+460.0) 
DO 10 J=2,N1 
DO 10 1=2,Ml 
B1=AXU 
B2=AXU 
C1=AYU 
C2=AYU 
B=ABS(U(I,J))/DX 
C=ABS(V(I,J))/DY 
ERRP=0.0 
IF (U(I,J» 4,4,5 
4 B1=B1+B 
GO TO 6 
5 B2=B2+B 
6 IF (V(I,J)) 7,7,8 
7 C1=C1+C 
GO TO 9 
8 C2=C2+C 
9 C3=P(IjJ-l)+RHOINF*DY*('Bl*V(I+l,J)+B2*V(I-l,J) 
1 +C1*V(I,J+1)+C2*V(I , j-l) - (DU+B+C)*V(I ,J) -GS*(1.0 
2 -RHO(T(T,J))/RHOINF))/32.16 
ERRP=ERRP+ABS(C3-P(I,J)) 
10 P(I,J)=C3 
IF (KEYSW(l)) 12,12,11 
11 WRITE (3,13) ITER,ERRP 
12 RETURN 
13 FORMAT(10X,'ITERATION NO.',I4,5X,'ERRP=<,F12.4) 
END 
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SUBROUTINE UVEl(L2) 
REAL KjK0IL,L,MU,MU0IL,-N0,NUl,NU2 
C0MM3N U(39,60),V(39,60),T(39,60),P(39,60),ALPHA,AXT, 
1 AXU,AYT,AYU:(Dr,DU,DX,DY,EfeT,ERRU,FNU,G,GR,ITER, 
2 Kl,K2,K3,K4,L,M,MAX,ML,Mr>Ml,M2,N,MJ,MJl,MJ2,^ 
3 N2,PERCNT,PR,RH0INF,THETAIT0P,TW,TINF,W,GS,ERRP 
RHO(T)=39.667215/(T+460.0) 
RHOOIL(T)=56.903105-0.021752109*1 
DO 10 L1=1,MAX 
3 ERRU=0.0 
DO 10 J=2,N1 
DO 10 1=2,Ml 
B1=AXU 
B2=AXU 
C1=AYU 
C2=AYU 
B=ABS(U(I,J))/DX 
C=ABS(V(I,J))/DY 
GO TO C53,54),L2 
53 D=G*(1.0-RHO(T(I,J))/RHOINF}-32.16*(P(I+1,J)-
1 P(I-1,J))/(2.0*RHOINF*DX) 
GO TO 55 
54 D=G*(1.0-RHOOILCT(I,J))/R]HOINF)-32.16*(P(I+1,J)-
1 P(I-1,J))/(2.0*RHOINF*DX) 
55 IF (U(I,J)) 4,4,5 
4 B1=B1+B 
GO TO 6 
5 B2=B2+B 
6 IF (V(I,J)) 7,7,8 
7 C1=C1+C 
GO TO 9 
8 C2=C2+C 
9 C3=(Bl*U(I+l,J)+B.2*U(I-l,J)+Cl*Ui:i,J+l)+G2*U(IyJ-l) + 
1 D)/(DU+B+C) 
ERRU=ERRU+ABS(C3-U(I, J')) 
10 U(I,J)=C3 
13 IF (KEYSW(l)) 15,15,14 
14 WRITE (3,16) ITER,ERRU 
15 RETURN 
16 FORMAT(10X,'ITERATION NO. r,14,5X,'ERRU=',F12.4) 
END 
SUBROUTINE TEMP 
REAL K,KDIL,L,MU,MUOIL,NU,NtJl,NU2 
COMMON U(39,60),V(39,60),T(39,60),P(39,60),ALPHA,AXT, 
1 AXU,AYT,AYU,nr,DU,DX,DY,EiyiT,ERRU,FNU,G,GR,ITER, 
2 K1,K2,K3,K4,L,M,MAX,ML,MT,M1,M2,N,NU,NU1,NU2,N1, 
3 N2,PERCNT,PR,RHOINF,THETA,TOP,TW,TINF,W,GS,ERRP 
DO 10 L1=1,MAX • 
3 ERRT=0.0 
DO 10 J=2,N1 
DO 10 1=2,Ml 
B1=AXT 
B2=AXT 
C1=AYT 
C2=AYT 
B=ABS(U(I,J))/DX 
C=ABS(V(I,J))/DY 
IF (U(I,J» 4,4,5 
4 B1=B1+B 
GO TO 6 
5 B2=B2+B 
6 IF (V(I,J)) 7,7,8 
7 C1=C1+C 
GO TO 9 
8 C2=C2+C 
9 C3=(B1*T(I+1,J)+B2*T(I-1,J)+C1*T(I,J+1)+C2*T(I,J-1)) 
1 / (DT+B+C) 
ERRT=ERRT+ABS(C3-T(I,J)) 
10 T(I,J)=C3 
13 IF (KEYSW(l)) 15,15,14 
14 WRITE (3,16) ITER^ERRT 
15 RETURN 
16 FORMAT(10X,'ITERATION NO.',14,5X,'ERRT=',F12.4) 
END 
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SUBROUTINE WEL 
REAL K,K0IL,L,MU,MU0IL,NU,I^U1,NU2 
COMMON U(39,60),V(39,60),T(39,60),P(39,60),ALPHA,AXT, 
1 AXU,AYT,AYU,DT,DU,DX,DY,EiRRT,ERRU,FNU,G,GR,ITER, 
2 Kl,K2,K3,K4,L,M,MAX,ML,Mr>Ml,M2,N,NU,NUl,NU2,Nl, 
3 N2,PERCNT,PR,RH0INF,THETA>T0P,TW,TINF,W,GS,ERRP 
3 ERRV=0.0 
DO,4 J=2,N1 
DO 4 1=2,Ml 
C3=V(I,J-1)-DY*(U(I+1,J)-U(I-1,J))/(2.0*DX) 
ERRV=ERRV+ABS(C3-V(I,J)) 
4 V(I,J)=C3 
7 IF (KEYSW(l)) 9,9,8 
8 WRITE (3,10) ITER,ERRV 
9 RETURN 
10 FORMATQOX,'ITERATION NO. \14,5X„'ERRV=»,F12.4) 
END 
SUBROUTINE NUSELT 
REAL K,KOIL,L,MU,MUOIL,NU,mi,NU2 
COMMON U(39,60) ,V(39,60) ,T(39,60) ,P(39,60) ,ALPHA,AXT, 
1 AXU,AYT,AYU,DT,DU^D)C,DY,EFiRT,ERRU,FNU,G,GR,ITER, 
2 Kl,K2,K3,K4,L,M,MAX<,ML,Mr31Ml,M2,N,NU,NUl,NU2,Nl, 
3 N2,PERCNT,PR,RHOINF,THETA3,TOP,TW,TINF,W,GS,ERRP 
L1=ML+1 
L2=MT-3 
SUM=0.0 
DO 1 I=L1 L2 2 
1 SUM=SUM+4 '0*(TW-T (I,2))+2.0*(TW-T(1+1,2)) 
NUl=DX*(6.0*TW-T(ML,2)-4.0*T(Nrr-:L,2)-T(Mr,2)+SUM)/ 
1 (3.0*DY*OW-TINF)) 
NU2=NU1+DX* (2. 0*TW+T (ML, 2) +4. 0*T (Ll, 2) -
1 7.0*T(ML+2,2))/(3.0*DY*(W-TINF)) 
IF (KEYSW(l)) 3,3,2 
2 WRITE (3,4) ITER,NU1,NU2,FNU 
3 RETURN 
4 FORMAT(10X,'ITERATION NO.',I4,5X,'NUSSELT NOS.=', 
12F12.3,5X,'OSTRACH PREDICTED',F12.3) 
END 
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APPENDIX D 
DERIVATION OF DIFFERENTIAL EQUATIONS 
The Navier-Stokes equations for two dimensional steady 
flow of a Newtonian fluid are (see for example references 7 
and 9)s 
P(U2M + vau) = _ar. ( 2au _ 2cau + av^-. p ax T vay' axLH,v ax T*ax + ay*'-1 
+ JLrN (fiu + Q2L\ , x _ q,J£ D-l 
+ ayL^ay + ax' + A - y C a x u J. 
p(UfX + v|X) = JL[n,(mi + gV)] 
H ax ay7 axLP ay ax J 
ay r ay s'-ax ay* 
+ Y - gc£Z D-2 
ay 
The c o n t i n u i t y equa t ion i s 
2fiU + 2&v = 0 ' D-3 
ax ay 
If the effect of variable density is assumed to have negli-
gible effect on the continuity equation/ it becomes 
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For the inclined coordinate system shown below, the 
components of the body force are 
x = p9x = "P 9 c o s e 
Y = pgy = p g sin e 
,sv^g, sin 0 
D-5 
D-6 
The hydrostatic pressure distribution is given by the 
equation 
Ps = p ^-(y
 s^n © - x cos 9) 
9c 
Let P = P - P, 
D-7 
D-8 
so that P = P + P, 
and ^ = 
ax 
IP_ ap_s_ ap 
ix ax " ax 
ap s= ap _ p g c o s e 
D-9 
D-10 
ax 
ap = aP + a P f l = ^ + o ^ - 9 - sin e 
ay ay ay ay Pco gc 
D-ll 
These terms can be substituted into the Navier-Stokes 
equations, D-l and D-2, to give 
For equation D-1: 
H ax ay ax rax ay r ay ax J 
- p g cos 9 - gc|^ + Poo g cos 0 
ox 
H ax ay' ax pay ay p ay ax J 
- gc— + o^ g
 c o s e "(i - n"6-) 
3 ^ - » - v roo ^ D o n ' 
-QX Hoo ^ • " P o o ' 
For equation D-2: 
p ( u ^ + vB = &k(i&+ ^ + &(2^B 
ax ay ax ay ax ay ay 
+ p g s i n e - g c | £ - P T O g s i n 
p(u9v + vav) = j_ [ [ l ( au civ) ] _a_(^av) K ax ay axLr ay T ax T ay ray 
g 9£ _ p g sin 9 (1 -n-£-) 
ay HOCJ^ p ^ / 
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